AP Calculus
Chapter 3:  Differentiation Rules
Stewart

Section 3.1:  Derivatives of Polynomials and Exponential Functions
SOLs:  APC.5:  The student will apply formulas to find the derivative of algebraic, trigonometric, exponential, and logarithmic functions and their inverses.

            APC.6:  The student will apply formulas to find the derivative of the sum of elementary functions.

Objectives:  Students will be able to:  


Find derivatives of polynomial functions 


Find derivatives of natural exponent functions
Vocabulary:  

Natural number, e (approximately 2.71828) – is the number such that limit of (eh – 1) / h = 1 as h → 0
Derivative of a function – is the slope of the function at that point and is equal to the slope of the tangent line at that point.  It is also a rate of change with respect to the variable the derivative is taken in respect to. 
Key Concept:
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Linear operators: An operator L is linear if  L(ku) = kL(u) and L(u + v) = L(u) + L(v) 
Note: differentiation is a linear operator!
Constant function rule: If f(x) = k where k is a constant, then for any x,  f’(x) = 0
Identity function rule: If f(x) = x, then for any x, f’(x) = 1
Constant multiple rule: If k is a constant and f(x) is a differentiable function, then for any x, (kf)’(x) = k(f’(x)) 
Sum & Difference rule: If f and g are differential functions, then (f+ g)’(x) = f’(x) + g’(x) and (f – g)’(x) = f’(x) – g’(x) 
Power rule: If  f(x) = xn where n is a positive integer, then  f’(x) = nxn-1  


[image: image2.emf]Derivative Worksheet #1

Find the derivative of the following functions:

1. f(t) = 7t – 12

2. f(x) = 6

3. f(x) = 12x4 + 3x2 + 7

4. y = -6x³ + 5x² - 8x + 2

5. d(t) = 360 + 40t – 16t²

6. g(t) = 7t4 – 4t3 + 6t2 + 9t – 19

7. y = 2 – 4x + 7x² – 9x³

8. f(x) = 0

9. f(x) = ex

10. f(x) = e2

11. f(t) = (t + 2)(t - 1)

12. y = (2x + 1)(3x + 4)


Concept Summary:


Differentiation operators can be distributed across constant multiples, addition and subtraction
Homework:  pg 191 – 192:  4, 7, 8, 11-13, 21-23, 27, 34, 45, 54
                       Read:  Section 3.2
Section 3.2:  The Product and Quotient Rules
SOLs:  APC.5:  The student will apply formulas to find the derivative of algebraic, trigonometric, exponential, and logarithmic functions and their inverses.

            APC.6:  The student will apply formulas to find the derivative of the sum, product, quotient, inverse and composite (chain rule) of elementary functions.

Objectives:  Students will be able to:  


Use product and quotient rules of differentiation
Vocabulary:  

Function – an independent variable (x or t) yields only one dependent variable value
Key Concepts:


[image: image3.emf]Product & Quotient Differentiation Rules

Product Rule

d                                       d                        d

----[f(x) •g(x)] =  f(x)  • ----g(x) +  g(x) • ----f(x)

dx dx dx

In words:  the derivative of a product of two functions is the first function times 

the derivative of the second function plusthe second function times the 

derivative of the first function.

QuotientRule

d                          d

g(x) -----[f(x)]  – f(x) -----[g(x)]

d       f(x)                    dx dx

----[--------] =  ------------------------------------------------

dx g(x)                                 [g(x)]²

In words:  the derivative of a quotient of two functions is the denominator times 

the derivative of the numerator minusthe numerator times the derivative of the 

denominator, all divided by the square of the denominator.


Product Rule: Let 
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Proof: 
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Add & subtract: 
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[image: image1.emf]First Set of Differentiation Rules

d

----(c) = 0  Constant

dx

d

----(x) = 1 Basic

dx

d

----(xⁿ) = nx

n-1

Power Rule

dx

d                      d

----[cf(x)] = c ----f(x) Constant Rule

dx dx

d                            d               d

----[f(x) + g(x)] =  ----f(x) +  ----g(x) Sum Rule

dx dx dx

d                            d             d

----[f(x) -g(x)] =  ----f(x) - ----g(x) Difference Rule

dx dx dx

d

----(e

x

) = e

x

Natural Exponent

dx

Quotient Rule: Let 
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Proof: 







Add & subtract: 
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[image: image12.emf]Derivative Worksheet #2

Find the derivative of the following functions using product/quotient rules:

1. f(t) = (7t –12) (4t

3

)

2. f(x) = 6(7x -3) (2x²)

3. f(x) = (2x

4

+ 3x

2

+ 7) (9 -x³)

4. y = -(6x³+ 5x²-8x + 2) (4 –x)

5. d(t) = (4t) (10 –4t)

6. g(t) = (7t

4

–4t

3

) (6t

2

+ 9t –19)

7. y = (2–4x) /(x² –3x³)

8. f(x) = (2 –3x + 5x² –8x³) / 9

9. f(x) = e

x 

/ x

10. f(x) = e

2 

/ x

4

11. f(t) = (6t + 2) / (7t -1)

12. y = (2x + 1) / (3x + 4)


Product & Quotient Rule Practice:

1. 
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13. Find the equation of the tangent line to the curve 
[image: image25.wmf]1
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Homework – Problems:  pg: 197-198: 3, 5-7, 9, 13, 14, 17, 31, 35
                       Read:  Section 3.3
Section 3.3:  Rates of Change in the Natural and Social Sciences
SOLs:  none
Objectives:  Students will be able to:  


Understand the mathematical modeling process of derivatives (rates of changes) in the real world
Vocabulary:  

Mathematical Model – an equation that models a process (usually in the real world)
Key Concept:
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 is the rate of change of 
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 with respect to 
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; also the instantaneous rate of change.
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 is the average rate of change of 
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 with respect to 
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 over the interval [x1, x2]
Applications: Particle motion, water flow, populations, etc

Particle or Rectilinear Motion describes motion of an object along a line. 

         s(t) - Position Function – gives the position of an object at time t.

The displacement over an interval [a, b]  is  s(b) – s(a).
Distance traveled – must take the sign of the velocity into account, so distance traveled is   |s(b) – s(a)|   - this means that you add up all the distances the particle travels left and right or up and down.

Average velocity over [a, b] is 
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Instantaneous velocity at time t is defined as v(t) = s’(t) 
Speed is |v(t)|
Acceleration at time t is defined as a(t) = v’(t) = s’’(t)
1. A particle is moving along an axis so that at time t its position is f(t) = t³ - 6t² + 6 feet.


What is the velocity at time t?
What is the velocity at 3 seconds?

Is the particle moving left or right at 3 seconds?
2. A stone is thrown upward from a 70 meter cliff so that its height above ground is f(t) = 70 + 3t - t².  What is the velocity of the stone as it hits the ground?
3. A particle moves according to the position function, s(t) = t³ - 9t² + 15t + 10, t≥0 where t is in seconds and s(t) is in feet.

  
Find the velocity at time t. 
When is the particle at rest?

When is the particle moving to the right?

Find the total distance traveled in the first 8 seconds.

Draw a diagram to illustrate the particle’s motion.

4. Water is flowing out of a water tower in such a way that after t minutes there are 10,000 – 10t – t³ gallons remaining.  How fast is the water flowing after 2 minutes?
5. A space shuttle is 16t + t³ meters from its launch pad t seconds after liftoff.  What is its velocity after 3 seconds?
6. The numbers of yellow perch in a heavily fished portion of Lake Michigan have been declining rapidly.  Using the data below, estimate the rate of decline in 1996 by averaging the slopes of two secant lines.

	t , years
	1993
	1994
	1995
	1996
	1997
	1998

	P(t) , population (millions)
	4.2
	4.0
	3.7
	3.6
	3.3
	3.1


Homework – Problems:  pg: 208-210: 8,9,10
                       Read:  Section 3.4
Section 3.4:  Derivatives of Trigonometric Functions
SOLs:  APC.5:  The student will apply formulas to find the derivative of algebraic, trigonometric, exponential, and logarithmic functions and their inverses.

            APC.6:  The student will apply formulas to find the derivative of the sum, product, and quotient of elementary functions.

Objectives:  Students will be able to:  


Use the differentiation rules of trigonometric functions 
Vocabulary:  none new
Key Concept:


[image: image33.emf]Trigonometric Functions Differentiation Rules

d d

----(sin x) =  cosx ----(cosx) =  –sin x

dx dx

d  d

----(tan x) =  sec²x  ----(cot x) =  –csc²x

dx dx

d  d

----(sec x) =  sec x •tan x  ----(cscx) =  –cscx •cot x

dx dx

Hint:  The derivative of trig functions (the “co-functions”) that begin with a “c”

are negative.


Use the quotient rule to find these four trig derivatives.

3. 
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Practice problems and more limits:

1.  y = sin x – cos x


2. 
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3. y = sin (π/4)
4.  y = x³ sin x



5.  y = x² + 2x cos x


6.
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A particle moves along a line so that at any time t>0 its position is given by  x(t) = 2πt + cos(2πt).
Find the velocity at time t.

Find the speed (|v|) at t = ½.
What are the values of t for which the particle is at rest?
Homework – Problems:  pg: 216 – 217: 1-3, 6, 9-11, 18, 29, 41
                       Read:  Section 3.5
Section 3.5:  The Chain Rule
SOLs:  APC.5:  The student will apply formulas to find the derivative of algebraic, trigonometric, exponential, and logarithmic functions and their inverses.

            APC.6:  The student will apply formulas to find the derivative of the sum, product, quotient, inverse and composite (chain rule) of elementary functions.

Objectives:  Students will be able to:  


Use the chain rule to find derivatives of complex functions
Vocabulary:  none new
Key Concept:


[image: image49.emf]Differentiation Chain Rule

If f and g are both differentiable and F = f○gis the composite function defined 

by F(x) = f(g(x))

d                                                           dy dy du

----[F(x)] =  F’(x) = f’(g(x))  •g’(x)         or             ---- =   ---- • ----

dx dx du dx

In words:  the derivative of a composite function is equal to the derivation of 

the outer function times the derivative of the inner function.  

The notation on the right is Leibniz notation and is often referred to as 

u

substitution:  y = f(u) and u = g(x)

Combine with the Power Rule:

d                          du d 

----[u

n

] =  n•u

n-1

---- or           -----[g(x)]

n

=   n[g(x)]

n-1

• g’(x) 

dx dx dx

Example:

y = (x

6

–2x + 1)

8

dy dy du du

let u = (x

6

–2x + 1) then y = u

8

------= -----•---- = 8 u

7

•-----

dx du dx dx

= 8 (x

6

–2x + 1)

7

(6x

5

–2)



[image: image50.emf]Specific Applications of the Chain Rule

Differentiation of exponential functions:

d                     du d                     

---- [e

u

] = e

u

----- ----[a

x

] =  a

x

lna

dx dx dx

Example:

y = e 

2x + 1

dy dy du du

let u = (2x + 1) then y = e

u

------= -----•---- = e

u

•-----

dx du dx dx

= e 

2x + 1

(2)    =  2 e 

2x + 1

Greater length Chains:

y = e 

cos(3x + 1)

dy dy du dv

let u = cos(3x + 1) and v = 3x + 1  then y = e

u

------= -----•---- •-----

dx du dv dx

=  e

u

•(-sin(v)) •(3)

= e 

cos(3x + 1) 

(-sin(3x+1))(3)

= -3sin(3x+1) e 

cos(3x + 1)


Differentiating a Composite Function:

If David can type twice as fast as Mary and Mary can type three times as fast as Joe, then David can type 2•3=6 times as fast as Joe.  This is basically the Chain Rule.  If y changes 
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 times as fast as u and u changes 
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times as fast as x.

Chain Rule:  If f and g are both differentiable functions and h(x) = f(g(x)), then h’(x) = f’(g(x)) • g’(x) 
Examples:  1. If  y = (2x² - 4x + 1)60, find 
[image: image54.wmf]dx

dy

.  First decompose the function.  Let  y = u60, and  u = 2x² - 4x + 1 .  Now find 
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 and 
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 , then multiply to find the answer.


    2. Find 
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Practice:
1. 
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4. 
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Assume that  f(x)  and  g(x)  are differentiable functions about which we know information about a few discrete data points.  The information we know is summarized in the table below:

	x
	f(x) 
	f’(x) 
	g(x) 
	g’(x) 

	-2
	4
	-1
	5
	6

	-1
	3
	-5
	1
	7

	0
	-6
	-3
	8
	-5

	1
	1
	6
	2
	3

	2
	-1
	5
	1
	?


Use your differentiation rules to determine each of the following.

1. If  p(x) = xf(x), find  p’(2) 
2. If  q(x) = 3f(x)g(x), find q’(-2) 
3. If  r(x) = f(x) / (5g(x)) find r’(0) 
4. If  s(x) = f(g(x)), find s’(1) 
5. If  t(x) = (2 – f(x)) / g(x) and t’(2) = 4, find g’(2) 

Homework – Problems:  pg 224 - 227: 3, 4, 7, 8, 11, 14, 15, 22, 29, 32, 43, 67
                       Read:  Section 3.6
Section 3.6:  Implicit Differentiation
SOLs:  APC.7:  The student will find the derivative of an implicitly defined function.

Objectives:  Students will be able to:  


Use implicit differentiation to solve for dy/dx in given equations

Use inverse trig rules to find the derivatives of inverse trig functions
Vocabulary:  


Implicit Differentiation – differentiating both sides of an equation with respect to one variable and then solving for the other variable “prime” (derivative with respect to the first variable)

Orthogonal – curves are orthogonal if their tangent lines are perpendicular at each point of intersection


Orthogonal trajectories – are families of curves that are orthogonal to every curve in the other family (lots of applications in physics (example: lines of force and lines of constant potential in electricity)

Key Concept:

[image: image69.emf]Implicit Differentiation

If a function (or a relation) can not be set into the for y = f(x), then implicit 

differentiation (differentiating both sides with respect to x and solving for y’) 

can be used to find the derivative.

Example: (a circle with radius 10, which is a relation and not a function)

x²+ y²= 100

dx dy dy dy dy -x

2x ---+ 2y ---- = 0    



2x + 2y ---- = 0    



2x = -2y ----



----= -----

dx dx dx dx dx y

If we tried solving for y first in the above circle we would getthe following:

y = ±√100 -x² this gives us two functions y = √100 -x² and y =

-

√100 -x²

Differentiating the first (upper semi-circle) of these would give us:

dy -2x                      -x                  -x

----= ½(100 -x²)

-½

(-2x)  = ----------------- =  -------------- =   -------- !!!!!

dx 2√100 -x² √100 -x² y

solving for the second one (lower semi-circle) again gives us the same answer 

because y is negative for all values in it.


Up to now, we have worked explicitly, solving an equation for one variable in terms of another.  For example, if you were asked to find 
[image: image70.wmf]dx
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 for 2x² + y² = 4, you would solve for y and get 
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 and then take the derivative.  Sometimes it is inconvenient or difficult to solve for y.  In this case, we use implicit differentiation.  You assume y could be solved in terms of x and treat it as a function in terms of x.  Thus, you must apply the chain rule because you are assuming y is defined in terms of x.

Differentiating with respect to x:
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variables disagree
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variables disagree

Consider the problem, find 
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Now solve for 
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Guidelines for Implicit Differentiation:

1. Differentiate both sides of the equation with respect to x.

2. Collect all terms involving 
[image: image82.wmf]dx

dy

 on one side of the equation and move all other terms to the other side.

3. Factor 
[image: image83.wmf]dx

dy

 out of the terms on the one side.

4. Solve for 
[image: image84.wmf]dx

dy

by dividing both sides of the equation by the factored term.

Practice: Find 
[image: image85.wmf]dx

dy

:
1.  y ³ + 7y = x³
2.  4x²y – 3y = x³ – 1 
3.  x² + 5y³ = x + 9
4.  Find Dty  if  t³ + t²y – 10y4 = 0 
5.  Find the equation of the tangent line to the curve  y³ – xy² + cos(xy) = 2 at  x = 0.

6.  Find 
[image: image86.wmf]2

2
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d

 at (2,1) if  2x²y – 4y³ = 4.

7. Find the equation of the normal line (line perpendicular to the tangent line) to the curve  8(x² + y²)² = 100(x² – y²)  at the point (3,1).


[image: image87.emf]Derivatives of Inverse Trigonometric Functions

d                           1 d                            -1

----(sin

-1

x) =  ------------ ----(cos

-1

x) =  -----------

dx √1 -x² dx √1 -x²

d                            1 d                           -1

----(tan

-1

x) =  ------------- ----(cot

-1

x) =  -------------

dx 1 + x² dx 1 + x²

d                             1 d                            -1

----(sec

-1

x) =  -------------- ----(csc

-1

x) =  -------------
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Interesting Note:

If f is any one-to-one differentiable function, it can be proved that its 

inverse function f

-1

is also differentiable, except where its tangents 

are vertical.


If  y = arcsin x, find cos y
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If y = arcsin x, find 
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Now, take the derivative implicitly:
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Find each of the following derivatives:


1. 





2. 


3. 


4. 


5. 


6. 

Homework – Problems:  pg 233-235: 1, 6, 7, 11, 17, 25, 41, 47
                       Read:  Section 3.7
Section 3.7:  Higher Derivatives
SOLs:  APC.8:  The student will find the higher order derivatives of algebraic, trigonometric, exponential, and logarithmic functions.
Objectives:  Students will be able to:  


Find second and higher order derivatives using all previously learned rules for differentiation
Vocabulary:  

Higher order Derivative – taking the derivative of a function a second or more times
Key Concept:


[image: image93.emf]Higher Order Derivatives

If f is a differentiable function, then its derivative f’ is also a function and 

we can take the derivative of the derivative!

d                           d²y

2

nd

Derivative:  ----(f’(x)) = f’’(x) = -------

dx dx²

d                         d³y

3

rd

Derivative:  ----(f’’(x)) = f’’’(x) = ------

dx dx³

The classic example of the 2

nd

derivative is with the position function:

f(t) is the position of something (like a particle) with respect totime

f’(t) is the velocity of the particle with respect to time 

f’(t) = v(t)) = d(f(t))/dt

f’’(t) is the acceleration of the particle with respect to time 

f’’(t) = a(t) = d(v’(t))/dt= d²(f(t))/dt²

The 3

rd

derivative of the position function is the rate of change of 

acceleration and is known as the 

jerk

(not to be confused with the Steve Martin movie)


There are many uses and notations for higher order derivatives:

First derivative: 
[image: image94.wmf](
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Second derivative: 
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Third derivative: 
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Fourth derivative: 
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Nth derivative: 
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Practice:

1. Find 
[image: image99.wmf]2
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 for y = 5x³ + 4x² + 6x + 3 
2. Find 
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3. Find 
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4. Find a formula for f n(x) where f(x) = x-2
Homework – Problems:  pg 240 - 242: 5, 9, 17, 18, 25, 29, 49, 57
                       Read:  Read 3.8
Chapter 3.8:  Derivatives of Logarithmic Functions
SOLs:  APC.9:  The student will use logarithmic differentiation as a technique to differentiate nonlogarithmic functions.
Objectives:  Students will be able to:  


Know derivatives of regular and natural logarithmic functions

Take derivatives using logarithmic differentiation

Vocabulary:  None new
Key Concept:

Review of Logarithms

[image: image103.emf]Logarithmic Functions:

log

a

x = y     



a

y

= x

Cancellation Equations:

log

a

(a

x

) = x                    x is a real number

a 

log

a

x

= x                        x > 0

Laws of Logarithms:

log

a

(xy) = log

a

x + log

a

y

log

a

(x/y) = log

a

x - log

a

y

log

a

x

r

= r log

a

x                (where r is a real number)

Natural Logarithms:

log

e

x = ln x 

ln e = 1

ln x = y     



e

y

= x

Cancellation Equations:

ln (e

x

) = x ln e = x               x is a real number

e

ln x

= x                                x > 0

Change of Base Formula:

log

a

x = (ln x) / (ln a)



[image: image104.emf]Derivatives of Logarithmic Functions

d                         1

---(log
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x) =  --------

dx x lna

d                    d                   1           1

---(log

e

x) =  ---(lnx) = -------- = ----

dx dx x lne       x

d                   1   du u'

---(lnu) =  ----•---- =  ------- Chain Rule

dx u    dx u

d                      1

---(ln|x|) =  ------ (from example 6 in the book)

dx x


Find 
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 using implicit differentiation.

In this case 
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Find 
[image: image111.wmf](
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 using the rule above           



Find  f’(x) for each of the following:

1.  f(x) = ln(2x) 

2.  f(x) = ln(√x) 

3.  f(x) = ln(x² – x – 2) 
4.  f(x) = ln(cos x) 
5.  f(x) = x²ln(x) 
6.  f(x) = log2(x² + 1) 
7. 
[image: image112.wmf](
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[image: image113.emf]Logarithmic Differentiation

x²(5x²+ 6x)³

y =  ------------------- find y’

(7x³+ 3x²)³

Steps in Logarithmic Differentiation:

1. Take natural log of both sides of an equation y = f(x)

2. Use to laws of logs to simplify

3. Differentiate implicitly with respect to x

4. Solve the resulting equation for y’ (dy/dx)

5. Substitute back in what y was in step 1.

lny = 2 lnx + 3 ln(5x²+ 6x) –3 ln(7x³+ 3x²)

1   dy 1           10x + 6            21x²+ 6x

-------= 2 •---+ 3•-----------–3 •--------------

y   dx x           5x²+ 6x            7x³+ 3x²

dy 1           10x + 6            21x²+ 6x

-----= y(2 •---+ 3•-----------–3 •------------)

dx x           5x²+ 6x            7x³+ 3x²

dy x²(5x²+ 6x)³ 1           10x + 6            21x²+ 6x

-----= ----------------- (2 •---+ 3•-----------–3 •--------------)

dx (7x³+ 3x²)³ x           5x²+ 6x            7x³+ 3x²


Logarithmic Differentiation: The derivative of a function y = f(x) may be found using logarithmic differentiation – 


1. Take the natural log of both sides of the equation


2. Simplify using the log rules


3. Differentiate implicitly


Find        for each of the following:


1. 

2.  y = 6x 


3. 

We can also use logarithmic differentiation to find the derivatives of such functions as y = xx. Find this derivative 
Know these values of 
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What is the 
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Homework – Problems:  pg 76: Day 1 (Review of Laws of Logs) 34 – 41, 49



Pg 249:  Day 2:  7, 9, 11, 21, 24, 35, 40
                       Read:  Section 3.10
Section 3.9:  Hyperbolic Functions
SOLs:  None
Objectives:  Students will be able to:  

Vocabulary:  

Key Concept:


Inverse Functions:

NOT COVERED IN OUR COURSE

Homework – Problems:  none 

                       Read:  Section 3.10
Section 3.10:  Related Rates

SOLs:  APC.12:  The student will apply the derivative to solve problems,  including related rates of change problems.
Objectives:  Students will be able to:  


Use knowledge of derivatives to solve related rate problems
Vocabulary:  

Related rate problems – Problems where variables vary according to time and their change with respect to time can be modeled with an equation using derivatives.
Key Concept:


[image: image118.emf]Related Rates

1. Let t = elapsed time and draw a diagram of the given situation for t > 0.  

Be sure to draw the picture carefully and accurately and includeall of 

the variables in the problem.  Assign appropriate variables to the other 

quantities that vary with t and label the diagram appropriately. Some 

dimensions in the problem remain fixed as time passes.  Label these as 

constants in the diagram.  Other information defines the point in time at 

which you are to calculate the rate of change.  Do not label these 

dimensions as constants as they vary with time.

2. Identify what is given and what is wanted in terms of the established 

variables.

3. Write a general equation relating the variables. 

4. Differentiate this equation with respect to t.

5. Substitute the known quantities identified in step 2 into your equation 

and find the solution to the problem.



[image: image119.emf]Related Rates Example

Problem:  A camera is mounted at a point 3000 ft from the base of a rocket 

launching pad.  If the rocket is rising vertically at 880 ft/s when it is 

4000 ft above the launching pad, how fast must the camera elevation 

angle at that instant to keep the camera aimed at the rocket?

Solution:  Let 

t

= number of seconds elapsed from the time of launch

θ

= camera elevation angle in radians after 

t

seconds

h

= height of the rocket in feet after 

t

seconds

We must find d

θ/dt

(at

h= 

4000)given that 

dh/dt

(at 

h

=4000) = 880 ft/s

h



3000         



θ

h

tan 

θ

=  ---------- (relate variables involved)

3000

dθ 1         dh

sec²

θ

------ =  -------- ------ (differentiating with respect to t)

dt

3000      

dt

dθ 1         dh

----- =  -------- ------ cos²θ (solving for 

dθ

/dt)

dt

3000      

dt

dθ 1                     

3            66

----- =  -------- (880)   (-----)² = ------ ≈0.11 rad/s≈6.05 deg/s

dt

3000                  5           625

adj 3

cosθ= ------= ---

hyp 5

at h = 4000


Homework – Problems:  pg 260 - 262: 7, 8, 11, 14, 19, 23, 26, 31

                       Read:  read section 3.11

Examples:

1. A small balloon is released at a point 150 feet away from an observer, who is on level ground.  If the balloon goes straight up at a rate of 8 feet per second, how fast is the distance from the observer to the balloon increasing when the balloon is 50 feet high?  How fast is the angle of elevation increasing?

2. Water is pouring into a conical cistern at the rate of 8 cubic feet per minute.  If the height of the cistern is 12 feet and the radius of its circular opening is 6 feet, how fast is the water level rising when the water is 4 feet deep?

3. A particle P is moving along the graph of  y = √ ¯x¯²¯  ¯-¯  ¯4¯   ,   x ≥ 2, so that the x coordinate of P is increasing at the rate of 5 units per second.  How fast is the y coordinate of P increasing when x = 3?
4. Air leaks out of a balloon at a rate of 3 cubic feet per minute.  How fast is the surface area shrinking when the radius is 10 feet?  (Note: SA = 4πr²  &  V = 4/3 πr³)
Group Problems

A cube of ice is melting uniformly so that the sides of cube are being reduced by 0.01 in/min.  Find the rate of change of the volume when the cube has a side of 2 in.

A stone is thrown into a pond creating a circle with an expanding radius.  How fast is the distributed area expanding when the radius of the circle is 10 feet and is expanding at 1 foot per second?

Sand is pouring into a conical pile at the rate of 25 cubic inches per minute.  The radius is always twice the height.  Find the rate at which the radius of the base is increasing when the pile is 18 inches high.  (Note:  V = (1/3) πr²h)

A television camera 2000 feet from the launch pad at ground level is filming the lift-off of the space shuttle.  The shuttle is rising at a rate of 1000 feet per second.  Find the rate of change of the angle of elevation of the camera when the shuttle is 5000 feet from the ground.

A stone is dropped into a lake causing circular waves where the radius is increasing at a constant rate of 5 meters per second.  At what rate is the circumference changing when the radius is 4 meters?  (Note:  C = 2πr)

A boat is pulled toward a pier by means of a cable.  If the boat is 12 feet below the level of the pier and the cable is being pulled in at a rate of 4 feet per second, how fast is the boat moving toward the pier when 13 feet of cable is out?

Section 3.11:  Linear Approximations and Differentials

SOLs:  APC.12:  The student will apply the derivative to solve problems,  including tangent and normal lines to a curve, curve  sketching, velocity, acceleration, related rates of change, Newton's method, differentials and linear approximations, and optimization problems.
Objectives:  Students will be able to:  


Use linear approximation and differentials to estimate functional values and changes
Vocabulary:  

Linear approximation – linear approximation to a function at a point, also known as a tangent line approximation
Linearization of f at a – the line L(x) = f(a) + f’(a)(x – a)
Differential – dy or dx approximates ∆y or ∆x (actual changes in y and x)
Relative error – differential of variable divided by variable
Percentage errors – relative error converted to percentage
Key Concept:


[image: image120.emf]Linear Approximation and Differentials

Linear Approximation 



L(x) = f(a) + f’(a)(x–a)

a

f(a)

L(b)

b

dy

-----= f’(a) 

dx

dy= 

f’(a)

dx

∆y           f(x) –f(a)

f’(a)

= lim-----= lim--------------

∆x               x -a

∆x→0

x→a

L(x)

Makes a line (L) using the slope of the function

at point a to estimate small changes around a.

It uses the alternate form of the derivative:

f(x)

f(b)

dx= ∆x

∆y

∆y = f(b) –f(a)

dy= L(b) –f(a)

dy

For small changes in x (∆x close to 0), differential dyapproximates ∆y



[image: image121.emf]Differentials and Error Estimation

r

Tachykara, maker of volleyballs for USVBA, is required to make 

volleyballs that are 10 cm in radius with an error no more than 

0.05 cm.  For a special event, the event director fills the 

volleyballs with a mixture of regular air and helium.  She only 

has a small amount of the mixture and is concerned about the 

error in volume.  Find the maximum error in volume.

V = 4/3 πr³

dV= 4 πr²dr

dV= 4 π(10)²(0.05) 

= 62.832 cm³ (maximum error in volume)

dV 4 πr² dr dr

-----= --------------= 3 ----- Relative Error 

V         4/3 πr³            r


Let y = f(x) be differentiable at x and suppose that dx, the differential of the independent variable x, denotes an arbitrary increment of x.  The corresponding differential dy of the dependent variable y is defined to be dy = f’(x)dx.

Example: Find dy if 
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The chief use for differentials is in approximations.

Ex. 1
Use differentials to approximate the increase in the area of a soap bubble when its radius increases from 3 inches to 3.025 inches.

Ex. 2
It is known that y = 3sin (2t) + 4cos² t.  If t is measured as 1.13 ± 0.05, calculate y and give an estimate for the error.

Comparing ∆y and dy.  ∆y is the actual change in y.  dy is the approximate change in y.

Ex. 3 
Let y = x³.  Find dy when x = 1 and dx = 0.05.  Compare this value to ∆y when x = 1 and ∆x = 0.05.

We also know we can use the tangent line to approximate a curve.  The tangent line y = f(a) + f’(a)(x – a) is called the linear approximation of f at a.

Example: Find the linear approximation to f(x) = 5x³ + 6x at x = 2.  Then approximate f(1.98) for the function.

Homework – Problems:  pg 267 - 269: 5, 15, 17, 21, 22, 31, 32, 41
                       Read:  Review Chapter 3
Chapter 3:  Review

SOLs:  None
Objectives:  Students will be able to:  


Know material presented in Chapter 3
Vocabulary:  None new

Key Concept:

Non-Calculator

1.  Find the derivative of 
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3.  Find the derivative of 
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4.  The equation of the tangent line to the curve 
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5.  The slope of the curve 
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In problems 6 – 8, the motion of a particle on a straight line is given by 
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7.  The minimum value of the speed is


A.  1

B.  2

C.  3


D.  0

E.  none of these

8.  The acceleration is positive 
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10.  Find the derivative of 
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11.  Find 
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A.  ½ 

B.  ¼ 

C.  2


D.  1


E.  0

13.  Find 
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E.  none of these

Calculator Multiple Choice

14.  Differentiable functions f and g have the values shown in the table below:

	x
	f
	f’
	g
	g’

	2
	5
	3
	1
	-2


        If 
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A.  –20

B.  –7

C.  –6

D.  –1

E.  13

15.  The side of a cube is measured to be 3 inches.  If the measurement is correct to within 0.01 inches, use differentials to estimate the propagated error in the volume of the cube.


A.  ( 0.000001 in3

B.  ( 0.06 in3


C.  ( 0.027 in3

D.  ( 0.27 in3


E.  ( 0.006 in3
Free Response:  1984 AB 5:  The volume of a cone is increasing at a rate of 
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 cubic inches per second.  At the instant when the radius 
[image: image190.wmf]r

 of the cone is 3 inches, its volume is 
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 cubic inches and the radius is increasing at ½ inch/second.

a. At the instant when the radius of the cone is 3 inches, what is the rate of change of the area of its base?

b. At the instant when the radius of the cone is 3 inches, what is the rate of change of its height?

c. At the instant when the radius of the cone is 3 inches, what is the instantaneous rate of change of the area of its base with respect to its height?

Answers:  1. A   2. E   3. C   4. B   5. D   6. B   7. D   8. A   9. A   10. A   11. D   12. A   13. B   14. B   15. C

AB5   a.  3( sq. in./sec   b. 8 in/sec   c. 
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Homework –Study for Chapter 3 Test

After Chapter 3 Test:
Homework – Problems:  None

                       Read:  Section 4.1










Variables disagree � EMBED Equation.3  ���use power rule and chain rule





Variables agree � EMBED Equation.3  ���use power rule





use product and chain rules





Rewrite this equation by taking the sine of both sides





� EMBED Equation.DSMT4  ���
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Substitute and Simplify
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Product & Quotient Differentiation Rules

Product Rule





d                                       d                          d

---- [f(x) • g(x)] =  f(x)  •  ---- g(x) +  g(x) •  ---- f(x)

dx                                    dx                        dx





In words:  the derivative of a product of two functions is the first function times the derivative of the second function plus the second function times the derivative of the first function.







Quotient Rule





                                   d                          d

                          g(x) ----- [f(x)]  –  f(x) -----[g(x)]

d       f(x)                    dx                       dx

---- [--------] =  ------------------------------------------------

dx    g(x)                                 [g(x)]²





In words:  the derivative of a quotient of two functions is the denominator times the derivative of the numerator minus the numerator times the derivative of the denominator, all divided by the square of the denominator.
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Derivatives of Logarithmic Functions

d                         1

--- (loga x) =  --------

dx                    x ln a

d                    d                   1           1

--- (loge x) =  ---(ln x) = --------  = ----

dx                  dx              x ln e       x

d                   1   du           u'

--- (ln u) =  ----•----  =  -------  Chain Rule

dx                 u    dx          u

d                      1

--- (ln |x|) =  ------  (from example 6 in the book)

dx                    x
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Related Rates

Let t = elapsed time and draw a diagram of the given situation for t > 0.  Be sure to draw the picture carefully and accurately and include all of the variables in the problem.  Assign appropriate variables to the other quantities that vary with t and label the diagram appropriately.  Some dimensions in the problem remain fixed as time passes.  Label these as constants in the diagram.  Other information defines the point in time at which you are to calculate the rate of change.  Do not label these dimensions as constants as they vary with time.



Identify what is given and what is wanted in terms of the established variables.



Write a general equation relating the variables. 



Differentiate this equation with respect to t.



Substitute the known quantities identified in step 2 into your equation and find the solution to the problem.








_1254463737.ppt


Linear Approximation and Differentials

Linear Approximation   L(x) = f(a) + f’(a)(x – a)

a

f(a)

L(b)

b

 dy

----- = f’(a) 

 dx



  dy = f’(a) dx

L(x)

Makes a line (L) using the slope of the function

at point a to estimate small changes around a.

It uses the alternate form of the derivative:

f(x)

f(b)

dx = ∆x

∆y

∆y = f(b) – f(a)



dy = L(b) – f(a)

dy

For small changes in x (∆x close to 0), differential dy approximates ∆y

                  ∆y           f(x) – f(a)

f’(a) = lim ----- = lim --------------

                  ∆x               x - a

∆x→0

x→a
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Logarithmic Functions:

	loga x = y          ay = x

	Cancellation Equations:

		loga (ax) = x                    x is a real number

		a loga x = x                        x > 0

	Laws of Logarithms:

		loga (xy) = loga x + loga y

		loga (x/y) = loga x - loga y

		loga xr = r loga x                (where r is a real number)

Natural Logarithms:

	loge x = ln x 

	ln e = 1

	ln x = y          ey = x

	Cancellation Equations:

		ln (ex) = x ln e = x               x is a real number

		eln x = x                                x > 0

	Change of Base Formula:

		loga x = (ln x) / (ln a)
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Differentials and Error Estimation

Tachykara, maker of volleyballs for USVBA, is required to make volleyballs that are 10 cm in radius with an error no more than 0.05 cm.  For a special event, the event director fills the volleyballs with a mixture of regular air and helium.  She only has a small amount of the mixture and is concerned about the error in volume.  Find the maximum error in volume.

  V = 4/3 πr³

dV = 4 πr² dr

dV = 4 π(10)² (0.05) 

      = 62.832 cm³            (maximum error in volume)





 dV       4 πr² dr          dr

----- = -------------- = 3 -----                    Relative Error 

  V         4/3 πr³            r









r
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Related Rates Example

Problem:  A camera is mounted at a point 3000 ft from the base of a rocket launching pad.  If the rocket is rising vertically at 880 ft/s when it is 4000 ft above the launching pad, how fast must the camera elevation angle at that instant to keep the camera aimed at the rocket?



Solution:  Let t = number of seconds elapsed from the time of launch

                       θ = camera elevation angle in radians after t seconds

                       h = height of the rocket in feet after t seconds



We must find dθ/dt (at h= 4000) given that dh/dt (at h=4000) = 880 ft/s

                   h

tan θ =  ----------                        (relate variables involved)

                3000



             dθ           1         dh

sec² θ ------  =  --------   ------     (differentiating with respect to t)

             dt         3000      dt



 dθ           1         dh

-----  =  --------   ------   cos² θ    (solving for dθ /dt)

 dt         3000      dt



 dθ           1                     3            66

-----  =  --------   (880)   (-----)²  = ------  ≈ 0.11 rad/s ≈ 6.05 deg/s

 dt         3000                  5           625

              adj      3

cos θ = ------ = ---

              hyp     5

at h = 4000











h

      3000         



θ
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Logarithmic Differentiation

          x² (5x² + 6x)³

y =  -------------------             find y’

           (7x³+ 3x²)³

Steps in Logarithmic Differentiation:

		Take natural log of both sides of an equation y = f(x)

		Use to laws of logs to simplify

		Differentiate implicitly with respect to x

		Solve the resulting equation for y’ (dy/dx)

		Substitute back in what y was in step 1.



    ln y = 2 ln x + 3 ln (5x² + 6x) – 3 ln (7x³+ 3x²)



1   dy            1           10x + 6            21x² + 6x

-- ----- = 2 • --- + 3 • ----------- – 3 • --------------

y   dx            x           5x² + 6x            7x³+ 3x²



    dy               1           10x + 6            21x² + 6x

   ----- = y(2 • --- + 3 • ----------- – 3 • ------------)

    dx               x           5x² + 6x            7x³+ 3x²



   dy       x² (5x² + 6x)³           1           10x + 6            21x² + 6x

   ----- = -----------------  (2 • --- + 3 • ----------- – 3 • --------------)

   dx         (7x³+ 3x²)³             x           5x² + 6x            7x³+ 3x²
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Derivatives of Inverse Trigonometric Functions



d                           1	d                            -1

---- (sin-1 x) =  ------------	---- (cos-1 x) =   -----------

dx                     √1 - x²	dx                      √1 - x²







d                            1	d                           -1

---- (tan-1 x) =  ------------- 	---- (cot-1 x) =  -------------

dx                       1 + x² 	dx                       1 + x²







d                             1	d                            -1

---- (sec-1 x) =  -------------- 	---- (csc-1 x) =  -------------

dx                     x √ x² - 1	dx                     x √ x² - 1



Interesting Note:

If f is any one-to-one differentiable function, it can be proved that its inverse function f-1 is also differentiable, except where its tangents are vertical.
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Higher Order Derivatives

If f is a differentiable function, then its derivative f’ is also a function and we can take the derivative of the derivative!



                         d                           d²y

2nd Derivative:  ----(f’(x)) = f’’(x) = -------

                         dx                         dx²



                         d                         d³y

3rd Derivative:  ----(f’’(x)) = f’’’(x) = ------

                         dx                        dx³



The classic example of the 2nd derivative is with the position function:



f(t) is the position of something (like a particle) with respect to time



f’(t) is the velocity of the particle with respect to time 

       f’(t) = v(t)) = d(f(t))/dt 



f’’(t) is the acceleration of the particle with respect to time 

       f’’(t) = a(t) = d(v’(t))/dt = d²(f(t))/dt²



The 3rd derivative of the position function is the rate of change of acceleration and is known as the jerk 

(not to be confused with the Steve Martin movie)
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Implicit Differentiation

If a function (or a relation) can not be set into the for y = f(x), then implicit differentiation (differentiating both sides with respect to x and solving for y’) can be used to find the derivative.



Example:  (a circle with radius 10, which is a relation and not a function)



x² + y² = 100



     dx        dy                                    dy                                   dy            dy      -x

2x --- + 2y ----  = 0          2x + 2y ----  = 0         2x = -2y ----        ---- = -----

     dx         dx                                   dx                                   dx            dx       y



If we tried solving for y first in the above circle we would get the following:



y = ± √100 - x²      this gives us two functions y = √100 - x²   and y = -√100 - x² 



Differentiating the first (upper semi-circle) of these would give us:



dy                                               -2x                      -x                  -x

---- = ½ (100 - x²)-½ (-2x)  = -----------------   =  --------------   =   --------   !!!!!

dx                                         2√100 - x²           √100 - x²              y



solving for the second one (lower semi-circle) again gives us the same answer because y is negative for all values in it.
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First Set of Differentiation Rules

d

---- (c) = 0 	Constant

dx



d

---- (x) = 1	Basic

dx



d

---- (xⁿ) = nxn-1 	Power Rule

dx



d                      d

---- [cf(x)] = c ---- f(x)	Constant Rule

dx                    dx





d                            d               d

---- [f(x) + g(x)] =  ---- f(x) +  ---- g(x)	Sum Rule

dx                          dx            dx





d                            d             d

---- [f(x) - g(x)] =  ---- f(x) -  ---- g(x)	Difference Rule

dx                         dx           dx





d

---- (ex) = ex	Natural Exponent

dx
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Derivative Worksheet #1

Find the derivative of the following functions:



		f(t) = 7t – 12





		f(x) = 6





		f(x) = 12x4 + 3x2 + 7





		y = -6x³ + 5x² - 8x + 2





		d(t) = 360 + 40t – 16t²





		g(t) = 7t4 – 4t3 + 6t2 + 9t – 19





		y = 2 – 4x + 7x²  – 9x³ 





		f(x) = 0





		f(x) = ex





		f(x) = e2





		f(t) = (t + 2)(t - 1)





		y = (2x + 1)(3x + 4)










_1252265123.ppt


Derivative Worksheet #2

Find the derivative of the following functions using product/quotient rules:



		f(t) = (7t – 12) (4t3)





		f(x) = 6(7x -3) (2x²)





		f(x) = (2x4 + 3x2 + 7) (9 - x³)





		y = -(6x³ + 5x² - 8x + 2) (4 – x)





		d(t) = (4t) (10 – 4t)





		g(t) = (7t4 – 4t3) (6t2 + 9t – 19)





		y = (2 – 4x) / (x²  – 3x³) 





		f(x) = (2 – 3x + 5x²  – 8x³) / 9





		f(x) = ex / x





		f(x) = e2 / x4





		f(t) = (6t + 2) / (7t - 1)





		y = (2x + 1) / (3x + 4)
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Differentiation Chain Rule

If f and g are both differentiable and F = f○g is the composite function defined by F(x) = f(g(x))



     d                                                                              dy         dy      du

     ---- [F(x)] =  F’(x) = f’(g(x))  • g’(x)         or             ----   =   ----  •  ----  

     dx                                                                            dx         du      dx





In words:  the derivative of a composite function is equal to the derivation of the outer function times the derivative of the inner function.  



The notation on the right is Leibniz notation and is often referred to as 

u substitution:  y = f(u) and u = g(x)



Combine with the Power Rule:



     d                          du                               d 

     ---- [un] =  n•un-1  ----               or           ----- [g(x)]n =   n[g(x)]n-1 •  g’(x) 

     dx                        dx                               dx            



Example:



y = (x6 – 2x + 1)8 

                                                            dy        dy    du                du

let u = (x6 – 2x + 1) then y = u8         ------ = ----- • ----  = 8 u7 • -----

                                                            dx        du    dx                dx



                                                                                       = 8 (x6 – 2x + 1)7 (6x5 – 2)
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Specific Applications of the Chain Rule

Differentiation of exponential functions:



      d                     du                              d                     

     ----  [eu] = eu   -----                             ---- [ax] =  ax  ln a

      dx                   dx                              dx           



Example:



y = e 2x + 1

                                                     dy        dy    du             du

let u = (2x + 1) then y = eu         ------ = ----- • ----  = eu • -----

                                                     dx        du    dx             dx



                                                                               = e 2x + 1 (2)    =  2 e 2x + 1 



Greater length Chains:



y = e cos(3x + 1)

                                                                                     dy       dy    du      dv

let u = cos(3x + 1) and v = 3x + 1  then y = eu         ------ = ----- • ----  • -----

                                                                                     dx       du    dv      dx



                                                                                            =  eu • (-sin(v)) • (3)

                     

                                                                                            = e cos(3x + 1) (-sin(3x+1))(3)

                                                                                            

                                                                                            = -3sin(3x+1) e cos(3x + 1)
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Trigonometric Functions Differentiation Rules

d	d

---- (sin x) =  cos x	---- (cos x) =  –sin x

dx	dx







d 	d

---- (tan x) =  sec² x 	---- (cot x) =  –csc² x

dx 	dx







d 	d

---- (sec x) =  sec x • tan x 	---- (csc x) =  –csc x • cot x

dx 	dx









Hint:  The derivative of trig functions (the “co-functions”) that begin with a “c” are negative.
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